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The Milnor number of an isolated hypersurface singularity, defined as the codimension 
ju(/) of the ideal generated by the partial derivatives of a power series / whose zeros 
represent locally the hypersurface, is an important topological invariant of the singularity 
over the complex numbers, but its meaning changes dramatically when the base field is 
arbitrary. It turns out that if the ground field is of positive characteristic, this number is not 
even invariant under contact equivalence of the local equation /. In this paper we study 
the variation of the Milnor number in the contact class of /, giving necessary and sufficient 
conditions for its invariance. We also relate, for an isolated singularity, the finiteness of 
/r(/) to the smoothness of the generic fiber f — s. Finally, we prove that the Milnor number 
coincides with the conductor of a plane branch when the characteristic does not divide any 
of the minimal generators of its semigroup of values, showing in particular that this is 
a sufficient (but not necessary) condition for the invariance of the Milnor number in the 
whole equisingularity class of /. 
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1. Introduction 

Let H - k{{X\,.. ., A,,]] be the ring of formal power series in n indeterminates over an 
algebraically closed field k. We denote by m its maximal ideal and by its group of units. 
When n = 2, we will write "R = k[[X, F]]. 

Let / 6 m \ (0). We define the hypersurface determined by / as its class under the 
associate equivalence relation: (/) = {«/; u eR*]. 

Since we are interested in the geometry of the hypersurface (/), we are led to consider 
the quotient algebra 0f - Rlif), called the local algebra of (/). 

We will consider two other equivalence relations in R. 

f and g are said right equivalent, or r-equivalent, writing / ~r g, if there exists an auto¬ 
morphism ipofR such that g - tpif). On the other hand, they are said contact equivalent, 
or c-equivalent, writing / ~c g, if there exist an automorphism ip and a unit uofR such 
that ug = ip(f). 

Notice that one has 

f ~c g 0f-0g as ^-algebras. 

The Jacobian ideal of / is the ideal generated by all the partial derivatives of / 
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The Milnor Algebra of / is the algebra J(f) and its dimension yu(/) as a A:-vector space 
is the Milnor number of /. If / ~r g, we have that jj(f) = /u(g). 

The Tjurina ideal of / is the ideal 

The Tjurina Algebra of / is the algebra 'RIT{ jj and its dimension t(/) as a A:-vector space 
is the Tjurina number of /. 

Notice that when Ti - C{Xi,..., is the convergent power series ring, Milnor proves 
by topological methods that fJ.(uf) - for any u eH*. This result is usually extended 
over characteristic zero helds by Lefschetz’ principle. In arbitrary characteristic this does 
not hold as one can see from the example below. 

Example 1.1. Let char A: = p and f - e k[[X, T]]. Then (/) is an irreducible 

curve such that p(f) = oo, t(/) = and 

/^((l + Y)f) ^ p^ + p(f). 

This is a relevant issue in our investigation since some important problems are con¬ 
nected to it. For instance, we will characterize, in Section 3, the / for which p{jj - p{uf) 
for all u e K* and will study in general the variation of p(uf) when / is fixed and u varies 
in 'R*. 

From the inclusion J{f) c T(f), it is clear that 

So, one always has 

p{f) < oo ^ t(/) < oo. 

In characteristic zero, one also has the converse of the above implication. This will be 
proved algebraically in Section 2. In positive characteristic, the converse may fail, as one 
can see from Example 1.1 above. 

Motivated by the above discussion and by the fact that the ideal of a singularity on 
a hypersurface is the Tjurina ideal, the natural definition for isolated singularity is the 
following: 

Definition 1.2. A hypersurface if) has an isolated singularity at the origin iff e and 
T{f) < oo. 

Notice that this is a well posed definition, since t(/) = T(g) when / and g are contact 
equivalent. So, in characteristic zero, to say that (/) has an isolated singularity is equivalent 
to say that p(f) < oo, but not in arbitrary characteristic. 

There is an easy criterion in arbitrary characteristic (cf. E, Proposition 1.2.11) for a 
plane curve (/) to have an isolated singularity: (/) has an isolated singularity if and only 
if / is reduced. In contrast, the fact that / is reduced is not sufficient to guarantee that 
p( f) < oo as shows Example 1.1. Also, the vanishing of one of the partial derivatives of / 
implies p( f) - oo, but this is not a necessary condition, even in the case of plane curves, as 
the following example shows. 

Example 1.3. Let char^ = 3 and f = X^Y -i- Y^X e k[[X, T]]. We have that f - XY(X -i- Y) 
is reduced, but fx and fy have the common factor Y — X, implying that p(f) — oo. 

In the following section we will give a criterion for the finiteness of p{f) which will 
shed light on why in characteristic zero one has t(/) < oo implies p(f) < oo. 
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Recall that in the complex case the Milnor number of / was introduced in IMil as the 
rank of the middle cohomology group of the fiber of the local smoothing f - s. In this 
setting ju(/) is referred to as the number of vanishing cycles associated to /. When we 
switch to a field of positive characteristic p, the fibration f - s may not be a local smooth¬ 
ing anymore, that is, it may be a counter example to Bertini’s theorem on the variation of 
singular points in linear systems, true in characteristic zero. In Section 4, we characterize 
this phenomenon, that may only occur in positive characteristic, in terms of the infiniteness 
of the Milnor number. 

Finally, in the last two sections, we study plane branches singularities over arbitrary 
algebraically closed fields. In characteristic zero, the Milnor number p{f) coincides with 
the conductor c(/) of the semigroup of values of a branch (/). In arbitrary characteristic, 
Deligne proves in IDell (see also BMH-Wl l the inequality p{ f) > c(/), where the difference 
p{ f)—c{ f) measures the existence of wild vanishing cycles. We prove that Milnor’s number 
and the conductor of a branch (/) coincide when the characteristic does not divide any 
of the minimal generators of the semigroup of values of /. Our proof was inspired by 
a result of R Javorski in the work 0Ja2l . which we simplified and extended to arbitrary 
characteristic, under the appropriate assumptions. We would like to point out that in the 
process of writing the final version of this paper, E. Garcia Barroso and A. Ploski posted 
the preprint IGB-PI . showing by other methods our last result (with the converse), but in 
the particular case when p is greater than the multiplicity of /, and also observed that their 
proof fails when p is less or equal than the multiplicity of /. We should also mention that 
H.D. Nguyen in | |Ng| has shown, in the irreducible case, the weaker result, namely, that 
if p > c(f) + mult(/) - 1, then p{f) - c{f). Notice that once fixed the ground field k of 
positive characteristic p, both results in IGB-PI and |Ng| cover only finitely many values 
of the multiplicity mult(/), while our result is in full generality. 

This work is part of the PhD Thesis of the second author, under the supervision of the 
other two authors. 


2. The finiteness of p(f) 

To discuss the finiteness of p(f) we must impose that t(/) < oo, or equivalently that (/) 
has an isolated singularity, because otherwise p(f) - oo. 

The following result gives a criterion for the finiteness of p(f). 

Proposition 2.1. Let / e m and suppose that t(/) < oo. Then 

p{f) < oo o / 6 ^|J(f). 

Proof: Notice that when / e m \ both conditions hold trivially. So, we are concerned 
with the case / e m^. 

Suppose that p{f) < oo^ then J{f) is m-primary, hence / e m = sJJ(f)- 
Conversely, suppose that / 6 sjJ(f). Since t(/) < oo, we have that sjT(f) - m. Now, 

T(f) = </> + J(f) c sfjif) c m, 

since / 6 m^. Taking radicals we get 

m = c c m. 


So, - m, which in turn implies that p(/) < oo. 
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Remark 2.2. The reason why in characteristic zero t(/) < oo ^ < oo is that in this 

case one has 

f 6 {Xifxt , ■ ■ ■, X„fxJ, 

where the notation I means the integral closure of the ideal I (cf ira, Theorem 7.1.5). 
But, the above inclusion implies that 

f e c 7c7) c s/j(n, 

and because of Proposition 2.1, T(f) < oo implies that p(f) < oo. 

Notice that the condition f 6 -sjJif), which appears in Proposition 2.1 is weaker than 
the condition f 6 J(f) that holds in characteristic zero. On the other hand, the condition 
f 6 Jif), in arbitrary characteristic, implies the Briangon-Skoda inclusion: /" 6 J{f), 
where n — dim?? (cf. IH-Sl . Theorem 13.3.3). 

Recall that an ideal J is called a reduction of an ideal T if J c T and there exists n 6 N 
such that = yr". We denote by eo{I) the Hilbert-Samuel multiplicity of an m-primary 
ideal / and put eo{I) = oo if V7 £ rn. 

The next well known proposition describes, in general, the effect of the condition / e 

1(f)- 

Proposition 2.3 HN-RI and IQ). Let f e m be such that t(/) < oo. The following 
conditions are equivalent: 

(i) / e 7(7); 

(ii) J(f) is a reduction of T (/); 

(hi) eo(T(f)) ^ eoiJif)) ^ p(f). 

Proof: (i) o (ii): cf. [H-S, Corollary 1.2.2]. 

(ii) o (iii): This follows from ON-RI and from |Q, Theorem 3.2, since ?? is a level ring 
(analytically unramified). ■ 

Corollary 2.4. Let k be a field of characteristic zero and / 6 m. Then p(f) is invariant 
under contact equivalence. 

Proof: If t(/) = oo then p(g) - oo, for every g in the same contact equivalence class 
and we are done. So we are restricted to the case t(/) < oo. Since changing coordinates 
obviously does not change p, we only need to show that p{f) - p(uf) for every unit u eP.. 
However it is easy to see that T(f) - T{uf), for every such u. In characteristic zero, both 
J{f) and J(uf) are reductions of T (/), according to the previous proposition and remark. 
On the other hand, ?? is a regular (hence Cohen-Macaulay) local ring. So p{f) - eoiJ(f)) 
(cf. OMal . Theorem 17.11). Therefore, 

B(D = eo(J(f)) = eo(T(f)) = eo(T(uf)) = eo(J(uf)) = p{uf). 


Remark 2.5. From the inclusion J(f) c T(f) one has that eo(T(f)) < eo(J(f)) (cf. OMal . 
Formula 14.4), then 

eo(T(f))^eo(J(f))^p(f). 


The inequality in the above remark may be strict, as shows the following example. 
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Example 2.6. Letch^k ^ p and f ^ c k[[X,Y]l As J(f) = {XP^\YP^^\ 

we have that p(f) - (p 1)^ and t(/) = p(p + l)<oo. ^^ = (1+ X)f, then an easy 
calculation with intersection indices shows that jiig) — I{gx,gY) — p(p + 1), so 

eo(T(f)) = eo(T(g)) < p(g) = p(p + 1) < (p + 1)' = p(f). 

It follows from the preceding discussion that the importance of the Jacobian ideal of a 
hypersurface singularity in characteristic zero is due to the fact that it is a minimal reduction 
of the Tjurina ideal, which is the ideal that carries all the information about the singular 
point. In this situation, one has that eo{T{f)) - p{f), and this is why Milnor’s number is 
full of meanings in characteristic zero. 

This leads us to consider the Milnor number of a hypersurface (/) as 

Pif) = eo(r(/)), 

which is an invariant of the contact class of /. Notice that in characteristic zero one always 
has pif) = pif). 

Remark 2.7. ProDosition \2.3\ 2 ives a numerical criterion for testing if f belongs to J{f). 
Example 2.6 shows that one may have f e sJJif) with f i J(f), since in this case p(f) > 
eo{T(f)). 


3. Variation of p{uf) and computation of p{f) 

We have seen that in characteristic zero the multiplicity eo{T{f)) may be computed as 
the codimension of J{f) in 'R because, in that situation, J(f) is a minimal reduction of T (/). 
On the other hand, this is not always the case if the ground field has positive characteristic. 
Therefore, we are led to investigate whether J{f) is a minimal reduction of T (/) when 
t(/) < oo. As a consequence of our discussion we will analyze the variation of p{uf) when 
u varies in R* and obtain a method for computing/!(/). More generally, we will search for 
minimal reductions of T (/). 

Since ?? is a local ring with infinite residue field k and / is such that t(/) < oo, it is well 
known that for a fixed set of generators, not necessarily minimal, /, /x,, ■ ■ •, fx„ of T{f), if 
we take sufficiently general linear combinations 

n 

(1) gi ^ hojf + fxj’ 

j=i 

then ,..., is a system of parameters in R and the ideal they generate is a reduction of 
the m-primary ideal T{f), hence a minimal reduction (cf. MMal . Theorem 14.14). 

To find the conditions on the hjj to be sufficiently general, we will need the notion of 
null-forms. 

A null-form (cf. iHa, proof of Theorem 14.14) for the ideal T(f) is a homogeneous 
polynomial ip e k[To, ■ ■ ■. T„] of some degree s such that there exists F e R{Yq, .. .,Y„] 
homogeneous of degree s for which F = tp mod m and F(f, fxi, ■ ■ ■,fx„) 6 wiT (fy. This 
notion is independent of the choice of F. We denote by Nnf) the homogeneous ideal in 
k[Yo,Yn] generated by all null-forms of T{f). 

Remark 3.1. The ideal Nrif) depends upon the generators f,fx,,--- ,fx„ of T(f). As 
k-algebras one has 

T(fy 


k[Yo,...,Y„] 
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The k-algebra on the right hand side is called the fiber cone of T (/) and it is the graded 
ring corresponding to the special fiber of the blow-up o/Spec!?? at T(f). We also have 

k[Yo,Y„] 

dtmkruii - 77 -= n 

(cf. flMal . proof of Theorem 14.14), which implies that the projective zero set Z(NT(f)) in 
is of dimension n — 1. In particular, Nrif) 4 (0). 

Example 3.2. Recall Example 1.1, where f = YP + XP^^ 6 k[[X,Yf\ and char A: = p. 
Since the polynomial Y 2 6 k[YQ,Y\,Y 2 \ vanishes when evaluated at (/,/x,/r), we have 
that Y 2 6 j^T(f). So, Z(NT(f)) c Z(Y 2 ), and since dim(Z(7Vr(/))) = dim(Z(} 2 )) and Z{Y 2 ) is 
irreducible, we have that Z{NT(f)) — Z(Y 2 ). But this last equality, together with Y 2 e Blrff), 
imply that Nrif) - {Y 2 ). 

Example 3.3. Going back to Example 1.3, iff = X^Y + Y^X e k[[X, Y]], where char A: = 3, 
we have that Yo(Yi + Y 2 ) e A/Vcf), since 

fifx + fy) = -XY(Y + X)(Y - X)^ ^ (Y + Xyfxfy e m Tijf. 

Now, because Yq, Yi -i- Y 2 ( BfT(f), it follows that Njif) is not a prime ideal. 

Given / 6 m, in order to have eo(T(f)) - p(uf), for some unit u, we must hnd u e R* 
such that uf e J{uf). We will show next that this is so for general units. 

We will need the following result due to Northcott and Rees ( IN-RI . or IIMal . proof of 
Theorem 14.14); 

The ideal {gx,..., g„}, where the gj’s are as in (|7} is a reduction of the ideal T (/) if and 
only if the linear forms 

n 

(i^'^ajjYj, 

j=o 

where ajj = hjj mod m, are such that the ideal Nt(J) -y {(i,... is {fo,..., Y„)-primary, 
that is, Z{NT(f) + {(y,..., £„)) = ( 0 ) c 

Theorem 3.4. Let f e m and u — ao + aiXy + ■ ■ ■ + + hot., with ao 4 0 be a 

unit in R*. We have that uf e J{uf) if and only if there exists G e Afr(/) such that 
G(ao, -ai,..., —an) 4 0. In particular, this holds for a generic (ao : ■ ■ ■ : a„) e P^. 

Proof: If g = uf, then 

gx, = Ux,f + ufxi, i - l,...,n, 

with associated linear forms 

{j - a,To + aoYi, i — I,... ,n. 

We then have 

Z(Nnf) + {€u ■■■,€„)) = 

z(( G(ao, -ffi,..., To + ttoTi,..., a„To + aoT.; G e Njif) \ (Ol)). 

Since uf e J(uf) if and only if J(uf) - (gx^, ■ ■ ■ ,gx„) is a reduction of T(uf) - T(f), 
then from the Northcott and Rees Theorem above mentioned, this happens if and only if 
ZiNrif) + in)) - (0). This, in turn, happens if and only if for some G e Nrif), one 

has G(ao, -ai ,..., -a„) 4 0. ■ 
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The above theorem shows that if m is a general unit, in the sense that it has a general 
linear term, then J(uf) is a reduction of T(uf), and so, uf e J(uf), which in turn implies 
that 

fi(uf) = eo(T(uf)) = Ji(f). 

This theorem allows us to give the following interpretation for 

Corollary 3.5. Let f e m be such that t(/) < oo. Then Ji(f) = min{p(M/), u e 'R*} and 
/^(/) = Mf) if and only iff 6 J(f). 

Proof: From Remark 2.5 we know that Ji(f) - ]l(uf) < niuf), for all u e R*. According 
to the last theorem there is a unit v such that vf e J{vf), hence 7i(/) = jJ^ivf), proving the 
first assertion. The second assertion follows immediately from Proposition 12. 3 1 ■ 

We also have the following result. 

Theorem 3.6. Let f e m be such that t(/) < oo. The following three statements are 
equivalent. 

(i) ju(m/) = Ji(f) for every unit u 6 R; 

(ii) ZiNjif)) = Z(To); 

(iii) 6 mT(fy, for some £ ^ 1. 

Proof: (i ^ ii) If ft(uf) = Ji(f) for every unit m, then Z(NT(f)) n {To 0) = 0. Otherwise, 
if (1 : J01 : ■ ■ ■ ; /5„) is in this set, then we would have G(l,j0i,... ,p„) = 0, for every 
G 6 hence u - I -PxXi — ■ would be such that ^(uf) > Jiif), contradicting 

the hypothesis. 

Therefore, Z{Nt(J)) £ Z(To), which implies the equality by comparing dimensions and 
by the irreducibility of Z(To). 

(ii ^ iii) If ZiNrif)) - Z(To) then yNjif) = V(Zo) = (Tq). Hence, there exists a positive 
integer £ such that G - Yq e Nrif). In other words, e mr(/)^. 

{iii ^ i) If for some £, one has e mTiff, then G - e Ntxj) \ (0). Let u — 
ao + aiXi + ■ ■ ■ + a„X„ + hot be a unit, then G{ao, -ai ,..., -a,,) - ^ 0. It follows that 

uf e J{uf) and, therefore, iu{uf) - Ji{f). ■ 

Corollary 3.7. Suppose p - chark = 0 and let f e m \ {0) with T{f) < oo. Then there 
exists £ ^ I such that f^ e mT{fY. 

Proof: For p = 0 we know that p(/) = pif) - p{uf) for every invertible m, hence we may 
use the preceding theorem. ■ 

Remark 3.8 (cf. llGal l. The preceding corollary can be derived from the fact that if p — 
0, then /cm J{f), as we have already seen. Indeed, consider an equation of integral 
dependence of f over m J{f): 

f^ + a\f^ *+■■■ + flf = 0, 
with a,- e (m Jif))'. Hence, for each i, 

f-‘ai e m'/-' Jiff c m' T(fY c m Tiff 

and we conclude since f^ — — aif^~‘. However, if p > 0 one may produce an example 

of a power series f which satisfies the equivalent conditions of the Theorem \3.6\ but such 
that f im. J(f). 
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If / is such that ju(m/) is independent of the unit u, that is, when ju(/) is invariant under 
contact equivalence, we will say that / is ^-stable. 

The third condition in Theorem l3.6l mav help to decide whether a given power series is 
or not ju-stable as we can see in the following examples. However, in order to have this 
condition as a computational method, we need to bound t. 

Example 3.9. Let f e k[Xi ,..., be a quasi-homogeneous polynomial of degree d and 
char A: — p > Q. If p \ d, then f is p-stable. Indeed, there are integers d\,... ,dn such that 

df - d\Xifx^ + ■ ■ ■ + d„X„fx„, 

which, since p i d, implies that f e m T(f), so by Theorem \3.6\ f is p-stable. 

Proposition 3.10. Let f - if + hot e H, where L is a linear form and char A: = p. If f is 
p-stable, then p \ d. 

Proof: We will actually show that if p\d, then i m T{f)^, for all ^ e N. 

By a linear change of coordinates we may assume that f - X^ g, where g e It 

follows that mult(/x,) > li - 1 and mult(/x;) > d for / > 1. Now, we have 

TlfY = <r“/x; •••/£, ao + •■■ + a„ = e), 

and 

mult(/““/^^‘ ■■ -fx") > aod + aimult(/xj) + (q'2 + • ■ ■ + an)d. 

So, if p\d, then mult(/xj) > d, and therefore 

n 

mn\t{rf^l---f^')>Yj^id^{d. 

i '=0 

This implies that mult(/r) >/”£/+ 1, for all h e in T{fY\ and since mult(/^) = Id, it follows 
that f T{fY, for all ^ 6 N. ■ 

The above proposition has the following corollary; 

Corollary 3.11. For f e k{{X, T]] irreducible, where char A: = p, one has 

f is p- stable ^ p \ mult(/). 

The converse of the above corollary is not true, as one may see from the following 
example; 

Example 3.12. Let f - Y^-X^^ where chsik- 11. Then p \ mvAtif) but f is not p-stable, 
since p(f) - oo andp({l + X)f) — 22. 

Notice that whether f is p-stable, or not, depends upon the characteristic p of the 
ground field. For example, when p — 5 the same f as above is quasi-homogeneous of 
degree d — 33 which is not divisible by p. Hence it is p-stable. 

Remark 3.13. For all irreducible / e m \ m^, that is, for all irreducible smooth hypersur¬ 
face germs, one has p-stability, since in such case fiif) — p(f) — 0. 

Finally, we give an example to show that the ju-stability is not preserved by blowing-up. 

Example 3.14. Let char A: = 2, and f - -t- X^ e k[[X, T]]. In this case, we have that 

f is p-stable, since f e m T{f), but its strict transform -H is not p-stable (cf. 

Proposition 15.701 ). 
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4. Bertini’s Theorem vs Milnor Number 

Let / e k{Xi,..Xn\ with an isolated singularity at the origin of A". In this section we 
are going to study when the fibration /: A" ^ A' is a local smoothing of the singularity. 
Notice that in characteristic zero this is always the case, according to Bertini’s theorem on 
the variation of singular points in linear systems. However, it is well known that this is not 
true over fields of positive characteristic. 

Example 4.1. We have already seen that f — X^ + has an isolated singularity at the 
origin when chark — p > Q. The fiber over each s 6 A^ has 0) as a singularity. 

In positive characteristic we have the following characterization. 

Theorem 4.2. Let f be a polynomial admitting an isolated singularity at the origin. The 
fibration /: A" ^ A* is a local smoothing if and only ifp(f) < 

Proof: Ifpif) = oa, then the codimension of the Jacobian ideal J{f) = {fxi, ■ ■ ■ ,fx„) in 
<9 a”,o is infinite. This implies that the sequence /x,,..., fx„ is not d?A”,o-regular. In this case 
Z(fxi,.. .,fx„) contains a curve C trough the origin in A". We clearly have that Cr\Z(f-s) 
is a singular point of the fiber f - s. Hence, it remains to show that C dominates A' under 
/. Otherwise, /(C) would be finite and there might exist sq such that Z{fx^,..., fx„, f - sq) 
is infinite in some neighborhood at the origin of A". But this is a contradiction because, if 
So ^ 0, then f - sq does not vanish in some neighborhood of the origin and if sq = 0 it says 
that / does not have an isolated singularity at the origin. 

Now, if p{f) < oo then the same argument used in Pror)osition l2. II shows that / belongs 
to the ideal sj{J(f)) of (9 a",o- Hence there exists a relation 

(2) B f ^ Aifx, + ■ ■ ■ + A„fx,^, withAi,...,A„,Bek[Xi,...,X„], B(0)^0. 

Notice that each fiber /“'(s), with s 0 in the open neighborhood A" \ Z{E) of the origin, 
is smooth. Indeed, if a e A" \ Z{E) is a singular point of the fiber /^/s), with s + 0, then 
fix) - s and fxfx) - 0 for each i - On the other hand, since B(a) 0 it follows 

from dU that s = fix) - 0, which is a contradiction. ■ 


5. Milnor number for plane branches with tame semigroups 

For the definitions and notation used in this section we refer to iHet . Let / e m c 
k{{X, T]] be an irreducible power series, where k is an algebraically closed field of char¬ 
acteristic p > 0. In this situation, we call the curve (/) a plane branch. Let us denote 
by S if) = (vo, .. .,Vg} the semigroup of values of the branch (/), represented by its mini¬ 
mal set of generators. These semigroups have many special properties which we will use 
throughout this section and describe them briefly below. 

Let us define eo - vq and denote by e,- = gcd{vo, ■ ■ ■, v/) and by «/ = i - 

l,...,g. The semigroup Sif) is strongly increasing, which means that v,+i > n/v,, for 
i = 0, ... ,g - 1, (cf. iHel . (6.5)). This implies that the the sequence vo> ■ • ■ > ''g is nice, 
which means that «,v, 6 (vq, • ■ ■, L-i), for i = 1, ■ ■ ■ ,g, (cf. IHeL Proposition 7.9). This, 
in turn, implies that the semigroup S if) has a conductor, denoted by c(/), which is the 
integer characterized by the following property: c(/) -1^5 if) and x e S if), for all 
X > cif), and it is given by the formula (cf. iHel . (7.1)) 

g 

cif) = ^(n/ - l)v/ - Vo H- 1 . 

/=! 
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The semigroup S (/) is also symmetric (cf. iHell Proposition 7.7), that is, 

Vz e N, z 6 5(/) ^ c - 1 - z ^ S{f). 

To deal with the positive characteristic situation, we introduce the following definition; 
We call S if) a tame semigroup if p does not divide v, for all / 6 {0,..., g). 

Recall that two plane branches over the complex numbers are equisingular if their semi¬ 
groups of values coincide. We will keep this terminology even in the case of positive 
characteristic. 

The following example will show that may be not constant in an equisingularity 
class of plane branches. 

Example 5.1. The curves given by f — " and h — + X^Y are equisingular 

with semigroup of values S = {3,11), but in characteristic 3, one has p(f) — p((l + Y)f) — 
30, because Y 2 e ^T{f) cindp(h) — p((l + X)h) = 24, because Y^ e Njih)- Notice that in 
this case S is not tame. 

Remark 5.2. For the above h one has p{h) — 00 , p(h) - 24 and tQi) - 22. This shows that 
there is no isomorphism ip of k{{X, T]] and no H e k{{X, T]] such that (p(h) = H(X, Y^), 
because, otherwise, we would get the contradiction 

24 = p(h) = p(ip(h)) = p(H(X, Y^)) = t(H(X, Y^)) = T(h) = 22. 

The following is an example which shows that the ju-stability is not a character of an 
equisingularity class. 

Example 5.3. Let S — {4,6,25) be a strongly increasing semigroup with conductor c — 28. 
Consider the equisingularity class determined by S over a field of characteristic p — 5. 
If f — (Y^ — X^f — which belongs to this equisinsingularity class, we have that 

l^if) - 41 and pif) — 30, hence f is not p-stable. But the equisingular curve h — (Y^ — 
X^ + X^Yf — is p-stable, since Y^ e Nnhy In this case one has p(h) = p{h) = 29. 
Notice that here, again, S is not tame. 

The aim of this section is to prove the following result: 

Theorem 5.4 (Main Theorem). If f e is a plane branch singularity with S(f) tame, 
then p(f) — Ji(f) — c(f). In particular, f is p-stable. 

The proof we give of this theorem is based on the following theorem which was stated 
without a proof over the complex numbers in IIJalL but proved in the unpublished work 
iMl. Our proof, in arbitrary characteristic, is inspired by that work, which we suitably 
modified in order to make it work in the more general context we are considering. 

Theorem 5.5. Let f e rtf be an irreducible Weierstrass polynomial such that S (/) is tame. 
Then any family T of elements inside k[[7f]][T] of degree in Y less than mult(/) such that 

{/(/, h)- heT]^S{f)\ {S{f) + cij) - 1) 

is a representative set of generators of the k-vector space HI J(f). 

We postpone the proof of this theorem until the next section, since it is long and quite 
technical. 

In order to use Theorem 15. 5 1 to prove Theorem l5.4l we will need a kind of Weierstrass 
Preparation Theorem, which in our case is not suitable, since it makes use of multiplication 
by units that affects Milnor’s number. The solution is given by the Levinson Preparation 
Theorem which was originally proved in ILell over C, but may be adapted without major 
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changes in order to work in arbitrary characteristic. For the proof we refer to the original 
paper IQ. 

Theorem (Levinson’s Preparation Theorem). Let f(X, Y) e k{{X, F]], where k is an al¬ 
gebraically closed field of arbitrary characteristic p. Suppose that f contains for some 
integer n > I a monomial of the form aY" and let n be minimal with this property. If p \ n, 
then there exists an automorphism f/ ofk[[X, F]] such that 

fj{f) = A„(X)F" + A„_i(X)F"-' + ■ ■ ■ + AfX)Y + Ao(X), 

where AfX) e k[[X]\,for all i, A„_i(0) = ■ • • = Ai(0) = Ao(0) = 0 andA^iO) + 0. 

Corollary 5.6. Let f e k[[X, F]] be irreducible where k is algebraically closed of charac¬ 
teristic p. If p \ mult(/), then there exists an automorphism ip ofk[[X, F]] such that 

p(f) = F" + B„-i(X)F"-' + ■ ■ ■ + BfX)Y + Ba{X), 

where BfX) e A:[[X]] and mult(B„_,) > i,for alii - 1,..., 

Proof; Since / is irreducible, we have that f - L” hot, where L is a linear form in X 
and F. By changing coordinates, we may assume that / is as in the Levinson Preparation 
Theorem. Now, since p -f n, we take an n-th root of A„(X) and perform the change of 

coordinates F i-> FA;;' and X X. So, after only changes of coordinates p, we have that 
ip(f) = F" + Bi(X)F"-‘ + ■ ■ ■ + Bn-x(X)Y + Bn(X), 
is a Weierstrass polynomial, that is, mult(B„_,(X)) > /, for i - 1,... ,n. ■ 

Proof of Theorem 113) From Deligne’s results in iDel one always has p(f) ^ c(f). 

Now, after a change of coordinates, that do not affect the result, we may assume that 
/ is a Weierstrass polynomial. For every a e S{f)\ {S(f) + c{f) - 1), take an element 
g e k{{X, F]] such that I{f,g) - a and after dividing it by / by means of the Weierstrass 
Division Theorem, we get in this way a family (F as in Theorem l5.5l 

Theorem l5.5l asserts that the residue classes of the elements in (F generate k{{X, F] ]//(/), 
hence p{f) < # (5 (/) \ {S (/) + c{f) - 1)). The result will then follow from the next lemma 
that asserts that the number in the right hand side of the inequality is just c(/). 

The /i-stability follows from the fact that for every invertible element u in k{{X, F]], 
both power series / and uf can be individually prepared to Weierstrass form by means of 
a change of coordinates that does not alter the semigroup, nor the Milnor numbers. Hence, 
A'(/) = c{f) = p{uf). ■ 


Lemma 5.7. # {S(f) \ {.S(f) + c(f) - 1)) = c(f). 


Proof: In fact, to every f e {0,1,..., c(/) - 1) we associate s,- e S (/) \ (S (/) + c(/) - 1) 
in the following way: 


Si = 


i, 

i + c(f)-l. 


if ieS(f) 
if iiS(f). 


The map i i, is injective since S (/) is a symmetric semigroup. On the other hand, the 
map is surjective, because, given j € S (/) \ (S (/) + c(/) - 1), we have j = sj if j < c(/) - 1; 
otherwise, if j - i-t- c{f) - 1 for some i > 0, then again by the symmetry of S (/), it follows 
that j does not belong to S (/) and therefore j = s, . ■ 


We believe that the converse of Theorem l5.4l is true, in the sense that if p{f) = c(/), then 
S (/) is a tame semigroup, or, equivalently, if p divides any of the minimal generators of 
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S (/), then yu(/) > c(f). If this is so, we would conclude from our result that if /i(/) = c(f), 
then / is /i-stable. 

To reinforce our conjecture, observe that the result of IIGB-PI proves it when mult(/) < 
p. The following example is a situation where the converse holds and is not covered by the 
result in HGB-PI . 

Example 5.8. Let p be any prime number and n and m two relatively prime natural num¬ 
bers such that p \ n, then all curves given by f(X, Y) — Y" — X'^t’ do not satisfy the 
condition p(f) — c(f), since p{f) — oo and c(f) - in — l)(mp — 1). So, for all p < n, we 
have examples for the converse of our result not covered by IIGB-PI . 

Anyway, the other possible converse of 15.41 namely, if / is p-stable then S if) is tame, 
is not true, as one may see from the following example. 

Example 5.9. Let f - (T^ - X^ + X^Y)^ - 6 k[[X, Y]\, where char A: = 5. Since 

f^ 6 mr(/)^ (verified with Singular), then f is p-stable, but its semigroup of values S if) — 
(4,6,25) is not tame. 

Finally, we observe that the fundamental result used in IGB-PII to prove that c(/) = pif) 
if and only if S if) is tame, under the assumption that p > mult(/), was Lemma 3.3 in that 
paper that asserts that, in this situation, one has that /(/,/y) > pif) -t- mult(/) - 1, with 
equality if and only if S if) is tame. The above inequality is false if one does not assume 
that p > mult(/), as we show in the following example. 

Example 5.10. Let f - (T® - X^^)^ - X^^Y e k[[X, T]]. In this case, we have Sif) - 
{18,26,301), so cif) = 492. If p - 13, then p < mult(/) and pif) = 559 (computed with 
Singular iDGPSlj, hence 

lif, fy) = mult(/) + c(/) - 1 = 18 + 492 - 1 = 509 < 576 = pif) + mult(/) - 1. 

6. Proof OF Theorem 5.5 

We start with an auxiliary result. Let / e "R be an irreducible Weierstrass polynomial in 
Y of degree n - vq, where S if) = {vq, ..., vf, and /(/, X) = vo and /(/, Y) = vi . Consider 
the function defined by v(/i); = /(/, h) for h 6 HMf). Consider also the A:[[2f]]-submodule 
V„-i of k{{X, T]] generated by 1,7,..., 7"“\ and let /iq = 1, /ri, • • •, /in-i be polynomials in 
7 such that 

Fm-i = ^[[2 f]] © ^[[2f]]/!i © ■ ■ ■ © k{{X'Whn-\, 

and their residual classes y, are the Apery generators of Of as a free A:[[2f]]-module (cf. 
iHel Proposition 6.18). 

The natural numbers a, = viyi), i - 0,... ,n - 1, form the Apery sequence of Sif), 
so they are such that 0 - ao < ai < ■ ■ ■ < a„-\ and a, ^ aj mod n for i + j (cf. Eil 
Proposition 6.21). 

We have the following result. 

Proposition 6.1. Let I be an m-primary ideal ofH and h e V„-i. Ifvih) » 0 then h e 1. 

Proof: Since the ideal I is in-primary, there exists a natural number I such that c 1. 

Now, write h - bo -t- bihi -i- ■ ■ ■ -H bn-\h„-i, with bi e A;[[i7]], for all i. Since v(7>,) s 
0 mod n, v(/r,) = a, and a, ^ aj mod n, for i, j - 0,... ,n - 1, with i + j, we have that 

vih) = min/{v(l7,) H- a,) < min/{v(l7,)) + a«-i- 

Hence, vih) » 0 implies that for a given natural number / we have that miny{v(7>j)) > /, 
hence, /i 6 c /, as we wanted to show. ■ 
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We will need another auxiliary result that appears in Eil (Proposition 7.4.1), under 
the name Delgado’s Formula, proved over C, which we extend to arbitrary algebraically 
closed fields. 

Lemma 6.2. Let p — char A: and f,g& Y]] be a non invertible power series with f 
irreducible. Assume that vq = mult(/) is not divisible by p and define [/, g] = fxgv - fvgx- 
Then one has 

Kf, [/. ^]) > /(/, fr) - Kf, X) + /(/, g), 
with equality if and only if p does not divide I{f, g). 

Proof; Since either x or y is a transversal parameter for / = 0, we may assume without 
loss of generality that x is a transversal parameter (the proof in the other case is similar). 
Let (x{t),y{t)) be a parametrization of / = 0. Since p does not divide vq we have that 

y' 

ord,(x') = Vo - 1 and ord,(x') < ord,(y')- This shows in particular that — 6 A:[[f]]. 

x' 

Also, f(x(t),y(t)) - 0 implies fx(x(t),y(t))x' + fY{x{t),y{t))y' - 0, hence 

ifxgY - fYgx)(x(t),y(t)) = -fY(x(t),y(t))^gY(x(t),y(t)) - fY(x(t),y(t))gx(x(t),y(t)) 

X 

= - ^frixit), y(t))(g'(x(t), y(t))). 

x' 

On the other hand, since I(f,g) - ord, (g(x(f),y(f))), we have 

I(f,g)- 1 < ord,(g'(x(f),y(f))), 

with equality if and only if p \ I{f, g). It follows that 

/(/. [/, ^]) = ord, (i) + /(/, fY) + ord, (g'(x(t),y(t))} 

> (l-vo) + I(f,fY) + I(f,g)-l 
= I{f,fY)-I(f,X) + I(f,g), 

where equality holds if and only if p f /(/, g). ■ 

Remark 6.3. If f is a Weierstrass polynomial in Y of degree vo and p \ vo, it is well known 
that I{f,fY) = c(/) + vo - 1 (cf m, proved over C, but same proof works under our 
hypothesis). So, we conclude that 

I(f,[f,8])>I(f,g) + c(f)-l, 
with equality if and only if p \ I(f,g). 

Now, under the assumptions that / is a Weierstrass polynomial in Y with S(f) - 
(vo,..., Vg) and p -f vq, one may associate the Abhyankar-Moh approximate roots (cf. 
OA-MI l. which are irreducible Weierstrass polynomials /_i = X,fo - Y,...,fg - f such 
that, for each j, one has S (fj) - {^, ■ ■ ■, ^) and /(/, fj) - Vj+\, satisfying a relation, where 
deg stands for degree as polynomial in Y, 

rij-l 

fj = /pi - Z 

,'=0 

where aq are polynomials in Y of degree less than deg(/j) = vo/cj for i-—\,...,g-\. 
So, from Remark l63] we have that 

(3) I{f,[f,fj-x\)>Vj + c{f)-l, with equality if and only if p-fvy 
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This implies that \f p \ vovi ■■ - Vg, then S (/)*+c(/)-1 c v(7(/)), where S (/)* = S (/)\{0). 

The key result to prove Theorem 15.51 is Proposition 16.41 below that will allow us to 
construct elements in J(f) n Vn-i whose intersection multiplicity with / sweep the set 

s{fy + c{f)-\. 

Proposition 6.4. Let f e k[[X, T]] be a Weierstrass polynomial in Y of degree vo, where k 
is an algebraically closed field of characteristic p > 0. Let S (/) = (vo,..., v^) and suppose 
that p f vqVi ■ ■ - Vg. Given s e S (/)*, there exists e /(/), polynomial in Y, satisfying 

(i) deg^^ < deg / = vq; 

(ii) I(f,q,) = s + c(f)- 1. 

Proof: The proof will be by induction on the genus g of /. We will construct step by 
step the polynomial qs which will be of the form qs - qys = //J (an infinite 

sum, possibly) where each fj. is an approximate root of / and the P, are monomials in the 
approximate roots of / satisfying the following conditions; 

( KLPifn) = 

(4) ] I{f,Pifjf>s, if/^1; 

( deg/^-.P, < deg/, for all i. 

If g = 0, we have f - Y, so J(f) = "R. Given i e N = 5 (/)*, set 

qf,, r-\f,x]. 

It is easy to check that qf^s satisfies (|4| and the conclusion of the proposition. 

Inductively, we assume that the construction was carried on for branches of genus g - 1. 
Consider the approximate root /g_i of / of genus g - 1. Since eg_i = ng and ngVg e 
(vo,..., Vg-i), we have 

5(/) = <vo,...,Vg)c(^,...,^) = 5(/g-i). 

ng ng 

For t e S (/g_i)*, the inductive hypothesis guarantees the existence of a T-polynomial 

i 

where each fj. is one of the approximate roots /-i,/o,... ,fg -2 and P, are monomials in 
these approximate roots satisfying dUl and the conclusion of the proposition, with /g_i 
and vo/cg-i replacing / and vq. respectively. Using this qf^_^,t we introduce the following 
auxiliary polynomial 

i 

To begin with, we will estimate the degree in Y of these polynomials. The inductive hy¬ 
pothesis gives degqf^ ^^, < deg/g_i and degP, < degPifj. < deg/g_i, for all i. On the 
other hand, the Abhyankar-Moh’s relation / = - G, where G - an^^ifgY + ' " + <^0 

and deg a, < deg/g_i, gives the inequality degG < (ng - l)deg/g_i = deg/ - deg/g_i. 
We also have deg [G,/,J = deg(Gx/;„y - Gyfjij) < degG + deg fj. - 1. Therefore, 

deg P/ [G, fj, ] < deg P,- -H deg G H- deg fj, - 1 

< deg Pjfj, + deg f- deg/g-i - 1 

< deg fg-i +degf- deg /g-i = deg/, 
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which together with the identity 

i i 

give the estimate 

< deg/, Vf e 5 (fg^iT. 

Claim 1: For t e S {fg-iT we have I(f, - c(f) - 1 + rigt. 

Indeed, since no generator of S (/) is multiple of p, we have from Q 

= /(/, P,)+ /(/,/,•,) + c(/)-l 

On the other hand, since the P,/j_ are products of approximate roots of /g_i (so, also of /), 
and /(/g_i, Pi/,|) = f, it follows that /(/, Pi/j,) = rigt. Now, since from (HI, the intersection 
number /(/, P,/,-,) assumes its minimum value once for / = 1, when it is equal to f, we have 

i 

= /(/,Pi/,.) + c(/)-l 

= ngt + c(f)-l. 

■ 

The family of polynomials {qfg_,/, t 6 S(fg^i)*} just introduced will be used in the 
construction of the family {q/y, s e S (/)*) as announced in the proposition. 

To this end, observe that each element s of 5 (/)* decomposes uniquely as 

s - tigt + wvg, with t e S(_fg-{), w e {0,1,... ,ng - 1). 

Now, we break up the analysis in three cases. 

Case 1: s - rigt. From Claim 1, we have 

■s + c{f) -\^ngt + c(f) -!=/(/, qf^_j,r). 

The estimate on the degree of qf^_,.t, made just before Claim 1, allows us to deduce that the 
series 

9f,s ■— qfg-i,t 

has all the required properties, which proves the proposition in this case. 

Case 2: s - Vg. In this case qf^^ [f,fg-i] works because, since p \ Vg, we have from 
Remark 163] that I{f,qf^^,^) = Vg + c{f) - 1. Moreover, using the preceding notations and 
estimates we get 

deg qf.vg = deg - G, fg-i\ 

= deg[/g_i,G] 

< degG + deg/g_i - 1 

< (deg/ - deg fg-i) + deg fg-i-l 
deg/. 


< 
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Case 3: i > Vg and w > 0. Notice that from the conductor formula one gets that c(/) - 1 = 
ng{c(fg-i) - 1) + {ng - l)vg, and since n,v,' < v,+i, it follows that i > > ng{c{fg-\) - 1). 

On the other hand, since gcd(vg, tig) = 1, we have that tig -f s. 

The proposition, in this case, will be established by using the following result that gives 
a method to reduce degree while preserving intersection multiplicities with / and residual 
classes modulo J{f). 

Claim 2: Let s eN* be such that Ug \ s and s > ng(c(fg-i) — 1). Suppose that we have a 
Y-polynomial h such that 

degh < deg/ and h) - c{f) - 1 + s, 

then there exists a Y-polynomial h', such that 

deg/i' < deg/ - deg/j_i, /(/, h') = /(/, h), 

and 

h-h' ajqf^_^^up aj e k, uj e S (fg-i), ngUj > s, V/ 

,/ 

Indeed we begin by dividing h by *. Then we get h - /^*j '/iq + Ii'q where deg/ig < 

deg/^'®j * = deg/ - deg/g_i. The rough idea of the proof is to eliminate the term */iq 
in the preceding relation using the polynomials where u e Sifg^i)*. This will be 

done iteratively, in possibly infinitely many steps, with the help of the following auxiliary 
result. 

Claim 3: With the same conditions as above, we have I{f,hQ) — n^/(/^_i,/i") and 

We will prove this claim after the conclusion of the proof of Claim 2, given below. 
Using the formula c(/) - 1 = ng(c(/^_i) - 1) + (ng - l)v^ and Claim 3, we get 

I(f,KfgU') - W/) - 1) = ng[I(fg^,,h'^) - c(/,-i) + 1]. 

On the other hand, since /(/, h) - (c(f) - 1) = s and ng \ s, it follows that 

So, from the first part of Claim 3 and the above inequality, we get 

nglifg^i , /i") = /(/, /i") > /(/, h) - I(f, /;'![') ^s + c(f)-\- (ng - l)v,. 
Defining u\ - /(/^-i, h'^) — c(fg-\) + 1, it follows that 

c(/,.l) - 1 + Ml = /(/,-l,/7") > - + c(/,-l) - 1 > 2(c(/,-l) - 1), 

ng 

allowing us to conclude that ui e S(fg-iT- 

The inductive hypothesis guarantees the existence of a polynomial satisfying all 

requirements in (|4]l and the conclusion in Proposition |63] 

From Claim 1, we have 

= c(f) - 1 + ngUi = /(/,/io7^"![‘). 

So, after multiplication by a suitable ai e k*, we get that h\ - * - aiqf^ ^^u^ satisfies 

the inequality 


(5) 


/(/, /q) > /(/, > /(/, h) (= c(f) -1+5). 
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This allows us to write 

h = hi + + h'o, with I(f,hi) > and I{f,h'o) = I(f,h). 

From dSll we have that there exists e N* such that 

/(/, hi) = c(f) - 1 + Si > c(f) - 1 + ngUi > c(f) - 1 + s. 

So, Si > s and rigUi > s. 

In the next step we proceed differently according to the divisibility of si by iig. Suppose 
tig \ si, say Si = ngU 2 - In this case, by the above inequality we have 

^(C(fg-l) - 1) < C(fg-l) - 1 + Ml < Cifg-^i) - 1 + M2. 

So, it follows that M2 6 5 (/g_i)*. Hence, there exists a polynomial such that 

I(f,hi) = 

and again we may choose a2 ^ k in such a way that if h2 - hi - Q;2§/g_,,M2> we have 
hf, h 2 ) > I(f,hi). Hence, we get h-h 2 + + h'l, where h\ - 0, in 

this case. Notice that ngU 2 > ngUi > s. 

If, however, iig -f si, we are in position to repeat the preceding process of division 
by fg!;' using, this time, hi instead of h. So hi - + hj. Again, we deduce 

that there exist a2 ^ k and U2 6 S(fg^i)*, with ngU2 > si > s, such that if we define 
h 2 = - a 2 qf^_^,u^, then we have 

I(f,h2)>I(f,hi)>I(f,h). 

So, by repeating this process we get 

j ,/-i 

!=1 !=0 

with /(/, hj) < /(/, /!'_|_i), if h'. + 0, and /(/, h,) < /(/, /j,+i). Since all power series appear¬ 
ing in the above sum have degree less than deg/, it follows, in view of Proposition ih.ll that 
hj ^ 0 in the m-adic topology of % and the family {/!■),gn is summable. Taking h! - Yjj h'j 
we get Claim 2. ■ 


Finally it remains to prove Claim 3. If / is any irreducible Weierstrass polynomial of 
degree n, then it is easy to see from Proposition 16. 1 1 that the set y„_i of all polynomials in 
Y of degree less than n with coefficients in k[[X]] is a free ^[[X]]-module with basis 

[f = ■ ■ -/^i; J = Oo, .. .Jg-i), 0 < / < n/, 1 , i = 0,. .. ,g - 1} . 

So, every element h e V„-i may be written uniquely as 

h = J] aj(X)f = /;!>" + h', aj(X) e k[[X]], 


where 

J] aj(X)fl^---fi:l h'^ Yj 

jg-l=ng-l jg-i<ng-2 

First of all we will check that I{f,h') + Kf^fglih"). In fact, in h' there is a unique 
term such that 
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^ j 

where 7 _i = ordx aj{X). Also, in j h” there is a unique term satisfying 

g-2 

= i(f,adx)f‘« ■ ^ uv^ + k - dv ,, 

!=-l 

where Li = ordxCflL®). 

Since each element in S (/) is written in a unique way as 7 ,v, with 7 _i 6 N and 
0 < ji < n,+i - 1, the inequality follows. 

Also, it is clear from the way we wrote h” that /(/, h”) = ngI{fg-\, h") e UgS (fg-i). 
Now, to finish the proof of Claim 3 we only need to check that h” and h' are indeed 
the quotient and the remainder, respectively, of the division of h by j'. We will do this 
by estimating the degree of h' and , hence, conclude by the uniqueness of the remainder 
and the quotient in the euclidean algorithm. Indeed, for every summand in h' we have 
deg iaj(X)f^'' ■ ■ ■ fjil) < deg ', which shows that deg /j' < deg . ■ 

Now we return to the construction of the polynomial in the remaining Case 3, that 
is, when s - Ugt + VgW with s > Vg and w > 0. 

Observe that if f = 0 and w = 1, then from Case 2 we have qfy^ - {f,fg-\\. Now, we 
apply Claim 2to h - qj^y^ in order to find h' = (^/,Vj)^ with degree less than deg/-deg/g_i 
satisfying 

Kf, (qf.vj) = /(/, qv„f) = c(f) -I+Vg 

and 

j 

Using this, we define qf^ 2 v := fg-iiqf,v )'■ Clearly, we have degg'y, 2 v> < deg/ and 
^(/>?/, 2 vj) = c{f) - 1 + 2vg. Hence, it remains to show that qf, 2 vg satisfies (|4|i in order 
to make possible our inductive process. 

We have 

^/.2vj = /g-l[/>/g-l] + ‘^jfg-^qfg-[,Uj ~ 

J 

This shows that qf^ 2 v has the required format. Finally, we need to check the statement 
about intersection indices. We are going to show that Pi = /,, = fg-i. In order to do so, it 
is enough to show that for each index j in the above sum, the polynomial 

I 

where fj^ is one of the approximate roots /_i, /o,..., fg -2 and the PJ are monomials in these 
approximate roots, is such that /(/, fg-\P'Jj.) > 2vg. Indeed, from the inductive hypothesis 
we have 

KfJg-\P'ifi,) = Vg + Kf,P'ifj,) = Vg + rigKfg^uP'ifi,) > W + ngUx > 2vg, 

where the last strict inequality is justified by the fact that from Claim 2 one has ngU\ > Vg. 

We apply again Claim 2 to obtain {qf; 2 vg)' which multiplied by /g_i produces qf,-ivg- 
Now, we repeat this procedure until we get the polynomial q/^wvg - fg-\{qf,(w-\)vg)', satis¬ 
fying the proposition for wvg 6 S (/)*. Since s - Ugt + wvg, we consider the polynomial 
qfg -,,1 = ZP'i'lfg-ufm,] and collect P", so that/(/g_i,P"/;„,) = f. Finally, define 

qf,s •— Pi fmiiqf,wVg) ■ 

It is now immediate to verify that qf^g satisfies (|4|i and the conclusion of the proposition, 
finishing its proof. ■ 
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With these tools at hands, we may conclude the proof of Theorem l5.5l 

Proof of the Theorem l5.5t Choose T with minimal number of elements, so from Lemma 
I5.7l it follows that ¥r — c{f). We will show that the set 9^ generates 911 J{f) as a A:-vector 
space. In particular, this will show also that yu(/) < c{f) when S (/) is tame. In order to 
do this it is enough to show that there exists a decomposition K - ('F) + 7(/), where (F) 
denotes the A:-vector space spanned by the elements of F = {^i,..., ipcij)}- 

Given any element h e K we can divide it by the partial derivative fy which, under 
our assumptions, is a F-polynomial of degree vq - 1. The remainder of the division is a 
F-polynomial h' of degree less than vo - 1 and it is sufficient to show that h' belongs to 
<F) + J{f). 

If /(/, h') e S if) \ (S if) + c(f) - 1) then, according to the definition of F, there is an 
element such that sq := /(/, h') - I(f, Hence, there is a constant e k such that 

I(f,h' - =: Si > io- 

If, otherwise sq - I(f,h') e S(fy + c{f) - 1, then choose an element in J{f) 
polynomial in Y of degree less then deg/, such that sq = Hence, there is a 

constant e k such that 

Kf,h'-Ps^qf^sa) =: si > ■So- 

We carry on this process that increases intersection indices to eventually achieve 
5, = /(/, h' - J]Psqf,s + X e 5 (/)* + c(f) - 1, Vr>N. 

S S 

Since the elements in S (/)* + c(f) - 1 may be realized as intersections indices of / with 
elements in J(f) n V„-i (cf. Pror)osition l6.41 i. we produce an element 

^ J 

whose intersection multiplicity with / is big enough and whose degree is less than deg/, 
hence from Proposition |6T| it belongs to the Jacobian ideal J{f). ■ 


Authors addresses; hefez@mat.uff.br; joaohelder@hotmail.com; rsalomao@id.uff.br 

References 

[A] Apery, R. - Siir les branches superlineaires des courbes algebriques. C.R.A.S. Paris, vol. 222, pp. 1198- 
1200(1946). 

[A-M] Abhyankar, S.S, Moh, T.T. - Newton Puiseux expansion and generalized Tschirnhausen transformation. 
J. Reine Angew Math., vol. 260, pp. 47-83 and 261, pp. 29-54 (1973). 

[B] Boubakri, Y. - Hypersurface Singularities in Positive Characteristic. PhD Thesis, Technischen Universitat 
Kaiserslautern (2009). 

[Ca] Casas-Alvero, E. - Singularities of Plane Curx’es. Cambridge University Press (2000). 

[De] Deligne, P. - La Formule de Milnor. SGA 7 II, Expose XVI, LNM 340, pp. 197-211 (1973). 

[DGPS] Decker, W.; Greuel, G.-M.; Pfister, G.; Schonemann, H. - Singular 4-0-2 — A computer algebra system 
for polynomial computations, http://www.singular.uni-kl.de (2015). 

[Ga] Gaffney, T. - Private communication, May 2015. 

[GB-P] Garcia Barroso, E. and Ploski, A. - The Milnor number of plane irreducible singularities in positive 
characteristic. arXiv: 1505.07075 /1 [math.AG] 26 MAY 2015, 8 pages. 

[H-S] Huneke, C. and Swanson, I. - Integral Closure of Ideals and Rings and Modules. Cambridge University 
Press (2006). 

[He] Hefez,A. - Irreducible plane curx’es singularities. Real and Complex singularities. Lectures Notes in Pure 
and Appl, Math. 232 (2003) 


20 


A. HEFEZ, J.H.O. RODRIGUES AND R. SALOMAO 


[Jal] Jaworski, P. - Normal Forms and bases of local rings of irreducible germs of functions of two variables. J. 
Soviet Math. 50 (1), pp. 1350-1364 (1984). 

[Jal] Jaworski, P. - Deformation of critical points and critical values of smooth functions. Candidate’s Disserta¬ 
tion, Moscow (1986). 

[Le] Levinson, N. - Transformation of an analytical function of several variables to a canonical form. Duke 
Math. Journal, vol.28, pp. 345-353 (1961). 

[Ma] Matsumura, M. - Commutative Ring Theory. Cambridge University Press (1986). 

[MH-W] Melle-Hemandez, A., Wall, C.T.C. - Pencils of Curves on Smooth Surfaces. Proc. London Math. Soc., 
Ill Ser. 83 (2), pp. 257-278 (2001). 

[Mi] Milnor, J. W. - Singular Points of Complex Hypersurfaces. Princeton University Press (1968). 

[Ng] Nguyen, H.D. - Invariants of plane curves singularities and Plucker formulas in positive characteristic. 
arXiv: 1412.5007 /I [math.AG] 16 DEC 2014, 15 pages. 

[N-R] Northcott, D.G. and Rees, D. - Reductions of Ideals in Local Rings. Proc. of Cambridge Phil. Soc., vol.50 
(1954). 

[R] Rees, D. - a-Transforms of Local Rings and a Theorem on Multiplicities of Ideals. Math. Proc. of the 
Cambridge Philosofical Soc., vol.57, pp. 8-17 (1961). 

[Za] Zariski, O. - The moduli problem for plane branches. University lecture series AMS, Volume 39 (2006). 


